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The purpose of this article is to effect a solution by quadrature of a 
particular, but rather important, Hill’s equation. A Hill’s equation is of the 
form 
YN + [A - q(x)] Y = 0, (1) 
where q(x + n) = q(x) and, in general, q(x) E L,(O, z). By y, and yz we 
denote those solutions of (1) satisfying the initial conditions 
Y,(O) = 17 Y: (0) = 0, 
Y2(0) = 09 Y;(o) = 1, 
and the discriminant is defined by 
d(A) = Y,(Z) + Y;(x)* 
The eigenvalues corresponding to the boundary conditions 
Y(O) = Yk), 
Y’(O) = v’(n) 
(2) 
coincide with the solution of d(L) = 2 and are denoted by ,I,,, ,11, A,,... . The 
eigenvalues corresponding to 
Y(O) = -Y(n), 
Y’(O) = -y’(n), 
are given by the solutions of d(L) = - 2 and are denoted by L’, , A;, ,I; ,... . 
These two sets of eigenvalues necessarily satisfy 
~,(l:~~~(I,~A,<~:,<i;(l,~~l,(‘... 
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The intervals (A;, Ai), (A,, A,), (A;, A&), (A,, A,),... are referred to as the 
instability intervals. It is known [l] that if all these intervals vanish, q(x) is 
necessarily a constant and (1) can be solved in terms of trigonometric 
functions. 
In [4] it was shown that if precisely one instability interval vanishes then 
q(x) must satisfy 
q” = 3q2 + aq + b (4) 
for suitable constants a, b. Solutions of (4) can be represented in terms of 
elliptic functions. It is also known [2, 3, 61 that (4) is sufficient for precisely 
one instability interval to vanish. We will show that if precisely one 
instability interval vanishes then (1) can be solved in terms of quadratures. 
In [5] it was shown that a necessary and sufficient condition for all even 
instability intervals, that is, (Al, A,), (A,, A,), (As, A,),..., to vanish is that q(x) 
can be written as 
dZ(x) q(x) = c + z*(x) + 7’ (5) 
where (d/dx)Z(x) represents the odd harmonic terms and c + Z*(x) the even 
harmonics. That is, 
~[q(x)+q(x+f)]=c+z*~x), 
$(x)--9 (x+~)]=-gw. 
Evidently, Z(x + 71/2) = - Z(x). If q(x) as given in (5) also satisfies (4), then 
by separating (4) into its even and odd harmonic parts we find that Z(x) 
must satisfy 
from which we obtain 
Z”’ = 6Z*Z’ + (c - a)Z’, (6) 
I” = 2z3 + (c - a)Z, 
I’* = Z4 + (c - a)Z* + d*, (7) 
where d* is a constant of integration. In (5) we can, without 10~s of 
generality, let c = 0. That simply replaces A - c by A in (1). 
Now we consider the Hill’s equation 
y” + [A - I’ - 121 y = 0. (8) 
SOLUTION OF A SPECIAL HILL’S EQUATION 519 
A direct verification shows that if y is a solution of (8), so is 
Z(x) y(x + 742) + y’(x + 42). (9) 
According to Floquet theory there must be a solution satisfying y(x + 7~) = 
py(x), where p2 - d(L)p + 1 = 0. If y is such a solution then (9) has the same 
translation property and these two solutions are linearly dependent so that 
Z(x) y(x + n/2) + y’(x + n/2) = ky(x). (10) 
To determine k we let x = 0 in (10) and also in &he derivarive of (10). From 
these two equations we find 
Y 3 =+ [m9Y(O)- Y’(O)]. 
( 1 
Then we let x = 42 in (lo), use (11) and find k2 = - &I. 
If I also satisfies (7) and y is a solution of (8) so is 
(11) 
(12) 
which is shown by a direct calculation. Again, if y(x + n) = py(x), y and (12) 
are linearly dependent and a calculation as above shows that 
( -,+p+, ++z+ (x++) +z.f (x+:) 
= 4 1 A-$ 2-;y(x). 
Finally, to solve (8) with Z(x) satisfying 
(10) and (13), replace x + 7r/2 by x and let 
(13) 
(7), we eliminate y(x) between 
Then 
K = 
J 
(?, - u/4)2 - d2/4 
-A * (14) 
[K + Z(x)] y’ = [-A t a/4 + fZ’(X) + 412(X) t KZ(x)] y. (15) 
Clearly (15) can be solved directly leading to that solution of (8) satisfying 
y(x + n) =py(x). That the solution of (15) also satisfies (8) can be 
demonstrated by a direct, but tedious, calculation. 
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